Abstract. The idea of a space with smooth structure is a generalization of an idea of a manifold. K. T. Chen introduced such a space as a differentiable space in his study of a loop space to employ the idea of iterated path integrals [2, 3, 4, 5] . Following the pattern established by Chen, J. M. Souriau [10] introduced his version of a space with smooth structure, which is called a diffeological space. These notions are strong enough to include all the topological spaces. However, if one tries to show de Rham theorem, he must encounter a difficulty to obtain a partition of unity and thus the Mayer-Vietoris exact sequence in general. In this paper, we introduce a new version of differential forms to obtain a partition of unity, the Mayer-Vietoris exact sequence and a version of de Rham theorem in general. In addition, if we restrict ourselves to consider only CW complexes, we obtain de Rham theorem for a genuine de Rham complex, and hence the genuine de Rham cohomology coincides with the ordinary cohomology for a CW complex.
On the other hand, a concrete site given by Souriau [10] is as follows. Let Set be the category of sets. A differentiable or diffeological space is as follows. P ∈ M(Set)(A, X) satisfies that P | Bα ∈ C X (B α )) for all α ∈ Λ, then P ∈ C X (A).
(C3) For any A, B ∈ O(Convex) and any f ∈ M(Convex)(B, A),
is given by f * (P ) = P •f ∈ C X (A) for any P ∈ C X (A).
Definition 1.4 (Diffeological space).
A diffeological space is a pair (X, D X ) of a set X and a contravariant functor D X : Open → Set such that (D0) For any U ∈ O(Open), D X (U) ⊂ Map(U, X).
(D1) For any x ∈ X and any U ∈ O(Open), D X (U) ∋ c x the constant map.
(D2) Let U ∈ O(Open) with an open covering U = ∪ α∈Λ V α , V α ∈ O(Open). If P ∈ M(Set)(U, X) satisfies that P | Vα ∈ D X (V α ) for all α ∈ Λ, then P ∈ D X (U).
(D3) For any U, V ∈ O(Open) and any f ∈ M(Open)(V, U),
is given by f * (P ) = P •f ∈ D X (V ) for any P ∈ D X (U).
Let us summarize the minimum notions from [2, 3, 4, 5, 10, 1, 12, 7, 6, 8 ] to build up de Rham theory in the category of differentiable or diffeological spaces as follows. is the dual basis to the standard basis {e i } 1≦i≦n of R n . We denote by ∧ * (T * n ) the exterior (graded) algebra on {d x i }, where each d x i is of dimension 1. In particular, we have
The external algebra fits in with our categorical context as the following form. 
Then the naturality is obtained using a strait-forward computation.
A differential form is given in this context as follows.
Definition 1.10. Let (X, E X ) be a differentiable or diffeological space, E = C or D.
(general): A differential p-form on X is a natural transformation ω : E X → ∧ p given by {ω A : E X (A) → ∧ p (A) ; A ∈ O(Domain)} of contravariant functors E X , ∧ p :
Domain → Set, in other words, ω satisfies f * (ω B (P )) = f * •ω B (P ) = ω A •f * (P ) = ω A (P •f ) for any map f : A → B in Domain and a plot P ∈ E X (B). The set of differential p-forms on X is denoted by Ω p E (X) or simply by Ω p (X). We also
denote Ω * E (X) = ⊕ (with compact support): A differential p-form with compact support on X is a natural transformation ω =: E X → ∧ p (−) with a compact subset K ω ⊂ X such that, for any A ∈ O(Domain) and P ∈ E X , we have Supp
Example 1.11. We have Ω * ({ * }) ∼ = R and Ω * c ({ * }) ∼ = R.
c (X). Thus the external derivative induces endomorphisms of Ω * (X) and Ω * c (X).
The category of differentiable or diffeological spaces and differentiable maps is denoted by Differentiable or Diffeology, respectvely. By [10] , [5] and [1] , we know Differentiable and Diffeology are cartesian closed, complete and cocomplete.
(1) We obtain a homomorphism
Definition 1.14. For an inclusion j : U ֒→ X of an open set U into a weakly-separated differentiable/diffeological space X, a homomorphism
Remark 1.15. In Definition 1.14, the map j ♯ induced from an inclusion j :
Proof : Firstly, we define a homomorphism Φ : Ω 0 (X) → M(Set)(X, R) by Φ(ω)(x) = ω { * } (c x )( * ) ∈ R for any ω ∈ Ω 0 (X) and x ∈ X. By definition, Φ clearly is a homomorphism.
Secondly, we show Im Φ ⊂ C ∞ (X, R). For any n-domain A and P ∈ E X (A), we have
where x = P (x) ∈ X, and hence we have
Thus we have ω A (P ) = Φ(ω)•P for any
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A ∈ O(Domain) and P ∈ E X (A), and hence Φ(ω) : X → R is a differentiable map.
Moreover, for any differentiable map f :
, and hence we obtain Φ(f
Thirdly, by the formula ω A (P ) = Φ(ω)•P for any A ∈ O(Domain) and P ∈ E X (A), ω is completely determined by Φ(ω), and hence Φ is a monomorphism.
Finally, for any differentiable map f : X → R, we have a 0-form ω by ω A (P ) = f •P for any A ∈ O(Domain) and P ∈ E X (A), which also implies Φ(ω) = f . Thus Φ is an epimorphism, and it completes the proof of the proposition.
de Rham cohomology with compact support:
. From now on, we often abbreviate as
Ec (X) and so on. (1) For a differentiable map f : 
2. Mayer-Vietoris sequence for differentiable spaces Definition 2.1 (partition of unity). Let (X, E X ) be a differentiable/diffeological space and U an open covering of X. A set of 0-forms ρ = {ρ U ; U ∈ U} is called a partition of unity belonging to U, if, for any A ∈ O(Domain) and
If further there is a family {G U ; U ∈ U} of closed sets in X such that, Supp ρ U A (P ) ⊂ P −1 (G U ) for any A and P above, then we say that ρ is 'normal'.
The above definition of a partition of unity using the notion of 0-form first appeared in Izumida [8] which was essentially the same as the one in Haraguchi [6] using the notion of a differentiable function, since a differential 0-form is a differentiable function, if we adopt the usual definition of 0-form. We introduce a special kind of open coverings as follows. 
A (P )(x) = 1 for any x ∈ A, where ρ U A (P )(x) = 0 for finitely many U.
Theorem 2.3 (see [6] or [8] ). Let U = {U 1 , U 2 } be a nice open covering of a differentiable/diffeological space (X, E X ) with a partition of unity {ρ (1) , ρ (2) } belonging to U. Then i t : U 1 ∩ U 2 ֒→ U t and j t : U t ֒→ X, t = 1, 2, induce homomorphisms
, and the following sequence is exact.
where ψ * and φ * are induced from ψ ♮ and φ ♮ .
Proof : Let U 0 = U 1 ∩ U 2 . We show that the following sequence is short exact.
(exactness at Ω p (X)): Assume ψ ♮ (ω) = 0, and so j ♯ t ω = 0 for t = 1, 2. For any A ∈ O(Domain) and P ∈ E X (A), we define P t :
for any x ∈ P −1 (U t ), so that P | P −1 (Ut) = j t •P t for t = 1, 2. Then, for any x ∈ A,
, and hence ω A (P )| A x = 0 for any x ∈ A. Thus ω A (P ) = 0 for any A and P , which implies that ω = 0. Thus ψ ♮ is monic.
Then we construct ω ∈ Ω p (X) as follows. For any A ∈ O(Domain) and P ∈ E X (A),
is an open covering of A, and for t = 0, 1, 2 we obtain P t :
, and hence η
The converse is clear and we obtain Ker φ
defined as follows. For any A t ∈ O(Domain) and a plot P t : A t → U t , we define κ
Since ψ ♮ and φ ♮ are clearly cochain maps, we obtain the desired long exact sequence.
Let us turn our attention to the differential forms with compact support.
Theorem 2.4 (see [6] or [8] ). Let (X, E X ) be a weakly-separated differentiable/diffeological space and U = {U 1 , U 2 } a nice open covering of X with a normal partition of unity
is an extension of ω, we obtain ω = 0. Thus φ ♮ is a monomorphism.
by definition, and hence we obtain Supp η (0)
= κ, and hence we
Since φ ♮ and ψ ♮ are clearly cochain maps, we obtain the desired long exact sequence.
Cube Category
Definition 3.1. a concrete monoidal site is defined as follows:
Morphism: M( ) is generated by the following sets of morphisms.
, which satisfies the following relations.
we can extend the boundaries and the degeneracies as smooth
There is a smooth relative homeomorphism π n : (
given by π n (t 1 , · · · , t n ) = (s 1 , . . . , s n ), s k = t k · · · · ·t n , where the standard n-simplex △ n is assumed to be as
According to [1] , there is a natural embedding ch : Diffeology → Differentiable. So, from now on, we deal mainly with differentiable spaces, rather than diffeological spaces. We denote
Let X = (X, E X ) be a differentiable space. Then we denote Σ n (X) = E X ( n ) the set of n-plots. Let Γ n (X) be the free abelian group generated by Σ n (X) and Γ n (X, R) = Hom(Γ n (X); R), where R is a commutative ring with unit. Then Γ * (X; R) is a cochain complex and we obtain a smooth version of cubical singular cohomology H * (X, R) in a canonical manner, which satisfies axioms of cohomology theories such as additivity, dimension and homotopy axioms together with a Mayer-Vietoris exact sequence.
cubical de Rham cohomology
We introduce a version of a differential form by using E X and ∧ p .
Definition 4.1 (cubical differential form).
A cubical differential form on a differentiable space X is a natural transformation ω : E X → ∧ p of contravariant functors : → Set.
We denote ω = {ω n ; n ≧ 0}, where ω n :
We denote by * :
By induction on n, we show ω A = 0 for any convex n-domain A.
(n = 0) In this case, we have Ω 0 C (X) = Ω 0 (X) and ω points = 0.
(n > 0) Let P : A → X be a plot of X, where A is a convex n-domain. For any element u ∈ Int A, there is a small simplex
Since φ is a diffeomorphism, we have ω A (P )| n u = 0 for any u ∈ Int A. Thus we obtain
A differentiable map induces a homomorphism of cubical differential forms as follows:
(1) We obtain a homomorphism f
is defined as follows.
Definition 4.5. Let X = (X, E) be a differentiable space.
Cubical de Rham cohomology:
where
Cubical de Rham cohomology with compact support:
Example 4.6. Let X = (X, E X ) be a differentiable space with X = { * } one-point-set.
Then we have H p ({ * }) = R if p = 0 and 0 otherwise.
Theorem 4.8. By definition, we clearly have
Theorem 4.9. H * is a contravariant functor from Differentiable to GradedAlgebra.
Homotopy invariance of cubical de Rham cohomology
Let f 0 , f 1 : X → Y be homotopic differentiable maps between differentiable spaces
Then there is a plot f : I → C ∞ C (X, Y ) with f (t) = f t for t = 0, 1. In particular, for any n-plot P :
n → X, f ·P :
defined by the following formula.
where we assume
Second, by definition, we have d
and hence we obtain
, and hence we
, which implies the lemma. It immediately implies the following theorem. 
Hurewicz homomorphism
First, we give a definition of paths and fundamental groupoid of a differentiable space. Definition 6.1. In this paper, a path from a ∈ X to b ∈ X in a differentiable space X means a differentiable map ℓ : I → X such that ℓ(0) = a and ℓ(1) = b. We denote by π 0 (X) the set of path-connected components of X, as usual. Definition 6.2. Let Cat be the category of all small categories. The fundamental groupoid functor π 1 : Differentiable → Cat is as follows:
(1) For a differentiable space X, the small category π 1 (X) is defined by O(π 1 (X)) = X and M(π 1 (X))(x 0 , x 1 ) is the set of homotopy classes of all differentiable maps ℓ : I → X with ℓ(0) = x 0 and ℓ(1) = x 1 for any x 0 , x 1 ∈ X.
(2) For a differentitable map f : Y → X, the functor f * :
Definition 6.3. The functor R : Differentiable → Cat is defined as follows:
(1) For a differentiable space X, the small category R(X) is defined by O(R(X)) = X and M(R(X))(x 0 , x 1 ) = R for any x 0 , x 1 ∈ X, and the composition is given by addition of real numbers.
(2) For a differentitable map f : Y → X, the functor f * : R(Y ) → R(X) is defined by f * = f : Y → X and f * = id : R → R.
Definition 6.4. The Hurewicz homomorphism ρ : Z 1 (X) → Hom(π 1 (X), R(X)) (the set of functors) is defined for any ω ∈ Z 1 (X) by ρ(ω)(x) = x for any x ∈ O(π 1 (X)) = X and
, which is natural, in other words, the diagram below is commutative for any differentiable map f : Y → X between differentiable spaces.
(well-defined) Let ℓ 0 ∼ ℓ 1 with ℓ t (ǫ) = x ǫ ∈ X, t = 0, 1 and ǫ = 0, 1. Then there is a 2-plot
2 ω 2 (l) = a(t, ǫ) d t which implies a(t, ǫ) = 0, ǫ = 0, 1. On the other hand by Green's formula, we obtain that (naturality) Let f : Y → X be a differentiable map. Then f induces both f * :
The latter homomorphism induces
Then, for any ω ∈ Z 1 (X) and [ℓ] ∈ π 1 (X), it follows that
and hence we have ρ•f * = Hom(f * , id)•ρ which implies the naturality of ρ.
Definition 6.5. For any differentiable space X, we define a groupoid X in which the set of objects is equal to X = O(π 1 (X)), and the set of morphisms is obtained from M(π 1 (X)) by identifying all the morphisms which have starting and ending objects in common.
Then there clearly is a natural projection pr : π 1 (X) → X inducing a monomorphism pr * : Hom(X, R(X)) ֒→ Hom(π 1 (X), R(X)).
Definition 6.6. We denote the cokernel of pr * by Hom(π 1 (X), R).
If ω = d φ for some φ ∈ Ω 0 (X), then, for any path ℓ from x 0 to x 1 , we have ρ(ω)( 0), by the fundamental theorem of calculus.
is depending only on x ǫ the starting and ending objects of
[ℓ] ∈ π 1 (X). Thus the functor ρ(ω) : π 1 (X) → R(X) induces a functor Φ(ω) : X → R(X) such that ρ(ω) = Φ(ω)•pr, in other words, ρ(B 1 (X)) is in the image of pr * . Thus ρ induces a homomorphism ρ * : H * (X) → Hom(π 1 (X), R).
Theorem 6.7. ρ * : H 1 (X) → Hom(π 1 (X), R) is a monomorphism.
Proof : Assume that ρ * ([ω]) = 0. Then we have ρ(ω) ∈ Im pr * . Thus there is a functor Φ(ω) : X → R such that ρ(ω) = Φ(ω)•pr. Let {x α ; α ∈ π 0 (X)} be a complete set of representatives of π 0 (X). For any P ∈ E( n ), a map F (P ) : n → R is given by
where ℓ x is a path from x α , α = [x] ∈ π 0 (X), to x in X and γ is a path from 0 to x in n . Then F (P ) : n → ∧ 0 is well-defined smooth map by the equality
) which is not depending on the choice of ℓ x , and hence it gives a 0-form
Thus [ω] = 0 and ρ * is a monomorphism.
Partition of unity
Let X be a differentiable space. In this section, we assume that there are subsets
gives an open covering of X. 
To obtain a well-defined smooth function by extending or gluing smooth functions on cubic sets, we use a fixed smooth stabilizer functionλ : R → I (see [7] ) which satisfies 
The above theorem implies the exactness of Mayer-Vietoris exact sequence as follows.
Corollary 7.3. Let X be a differentiable space with an open covering U = {Int A, Int B}, A, B ⊂ X. Then we have the following long exact sequence.
Proof of Theorem 7.2. If X is normal, there is a continuous function ρ : X → I with X Int B ⊂ ρ −1 (0) and X Int A ⊂ ρ −1 (1) . Otherwise, we define a function ρ : X → I by
, 1]) = X. Thus it is sufficient to construct a partition of unity {ρ A , ρ B } belonging to U = {Int G A , Int G B }: by induction on n, we construct functions ρ A n (P ), ρ B n (P ) : n → I for any n-plot P : n → X, with conditions (1) through (4) below for F = A, B and ǫ = 0, 1.
(n = 0) For any plot P : 0 = { * } → X, we define ρ A n (P ) = ρ(P ( * )) and ρ B n (P ) = 1 − ρ A n (P ), which satisfy (2) and (3), though (1) and (4) are empty conditions in this case.
(n > 0) We may assume a plot P :
n → X is non-degenerate by (1) a).
} is an open covering of n ⊂ R n , and hence we have a partition of unity {ϕ A , ϕ B } belonging to P −1 U on n .
Secondly, by the induction hypothesis, there is a small a > 0 for the condition (4). Let U a be the a-neighbourhood of ∂ n . For F = A, B, we defineρ
where we denote ǫ±t = ǫ+(−1) ǫ t, and then we obtain Suppρ
we choose a > 0 small enough. partition of unity (ψ ∂ , ψ • ) belonging to {U a , Int n } given by ψ ∂ = (λ 1−a,1 ) n and ψ • = 1−ψ ∂ so that we have Supp ψ ∂ ⊂ U a and Supp ψ • ⊂ Int n . Then, for F = A, B, ψ ∂ | Ua ·ρ F n (P ) is defined on U a with value 0 on U a Supp ψ ∂ . Hence by filling 0 outside Supp ψ ∂ , we obtain a smooth map ψ ∂ ρ F n : n → R on entire n , as the 0-extension of ψ ∂ | Ua ·ρ
. By definition, we also have
which implies that (ρ A n (P ), ρ B n (P )) gives a partition of unity belonging to the open covering
n (P )) satisfies the conditions (1) through (4), and it completes the induction step. The latter part is clear.
Excision theorem
Let X = (X, E X ) be a differentiable space and U an open covering of X. We denote E U = {P ∈ E X ; Im P ⊂ U for some U ∈ U}. Then we regard E U as a functor E U :
Convex → Set which is given by E U (C) = {P ∈ E U , Dom P = C} for C ∈ O(Convex) and
We introduce a notion of a q-cubic set in R n using induction on q ≥ −1 up to n.
where L is a hyperplane of dimension q−1 in R n , then σ * b = {tx+(1−t)b ; x ∈ σ, t ∈ I} is a q-cubic set in R n with faces τ and τ * b, where τ is a face of σ, including ∅ and ∅ * b = b.
(2) if σ ⊂ R i−1 ×{0}×R n−i is a (q−1)-cubic set in R n with q ≥ 1, then the product
faces τ ×{0}, τ ×{1} and τ ×I, where τ is a face of σ, including ∅.
We denote by C(n) q the set of q-cubic sets in R n and C(n) = {∅} ∪ ∪ q≥0 C(n) q , n ≥ 0. We denote τ < σ if τ ∈ C(n) is a face of σ ∈ C(n) and denote ∂σ = ∪ τ <σ σ. We fix a relative
A subset K ⊂ C(n) is called a cubical complex if it satisfies the following conditions.
(
For any cubical complex K ⊂ C(n), we denote K q = {σ ∈ K ; σ is a q-cubic set}, n ≥ 0
Definition 8.2. We define a category SubDiv U as follows:
Let SubDiv X = SubDiv {X} . Then there is an embedding ι
where ∂σ denotes the subcomplex {τ ∈ K ; τ < σ} of K.
Thirdly, we give a distance of subcomplexes K and K P (U) defined as follows:
n of τ and x, and hence ε
d U (K) and hence that, for sufficiently large r > 0, the r-times iteration of Sd
Finally, when (K, P ) ∈ SubDiv U , we have Sd U P (K, P ) = (K, P ) by definition, and hence Sd * U the sufficiently many times iteration of Sd U on each (K, P ) is a desired functor.
is defined as follows: we denoteP = P •pr 1 :
n ×I → X which is a plot in E X ( n+1 ). Then a cubical subdivision Td U P (K) of n+1 is defined as follows:
In addition, if ω is a differential p-form with compact support, then so is ω.
Proof : Let H : I×I → I be a smooth homotopy between id : I → I and λ : I → I, which gives rise to a smooth homotopy H n : n+1 = I× n → n of id : n → n and λ n : n → n , n ≥ 0. Then we have H n •in 0 = id and H n •in 1 = λ n , where in t : n ֒→ I× n is given by in t (x) = (t, x). For any cubical differential p-form ω :
is defined on a plot P ∈ E U , by the following formula.
where we assume H * ω n (P ) =
First, let in t : n → I× n be the inclusion defined by in t (x) = (t, x) for t = 0, 1.
By H•in 0 = id, we have ω n (P ) = id
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Second, by definition, we have d H * ω n (P ) = i i 2 ,··· ,ip
, and it completes the proof of the lemma.
Let ω ∈ Ω * (X) and P ∈ E X ( n ). Then a cubical complex K = {σ ; σ < n } derives cubical subdivisions K r = (Sd U P ) r (K) and K * = (Sd U P ) * (K) where K * = K r for sufficiently large r ≥ 0. We define ω (r) ∈ Ω p (U), r ≥ 0, as follows: for any σ ∈ K r , ω (r)
n (P )| Int σ can be smoothly extended to ∂σ, and hence ω (r)
is well-defined and we obtain ω (r) ∈ Ω p (X).
We have a cubical complex K = {σ ; σ < n } which derives cubical subdivisions K r = (Sd Similarly to the case when X is a topological CW complex, U = {U, V } is a nice open covering of X (n) with a normal partition of unity {ρ U , ρ V }, since λ is a smooth function.
Then, similar arguments for a topological CW complex lead us to the following result. 
